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Exercise 1A 
Question 1:  

We can choose the three consecutive numbers to be n , n +1  and n + 2 .  

So the sum is  

n + n +1( ) + n + 2( ) = 3n + 3
= 3 n +1( )  .  

∴ The sum of three consecutive numbers is a multiple of 3. 
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Question 2:  

Let n  be an integer. Then  

2n +1( ) + 2n + 3( ) = 4n + 4 = 2 2n + 2( )  

Since the expression is a multiple of 2, it is even.  
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Question 3:  

a. The difference in the squares of any two consecutive numbers is n +1( )2 − n2  , where our 

consecutive numbers are n  and n +1  .  

b. Expanding our expression in (a) we get 

n +1( )2 − n2 = n +1( ) n +1( )− n2

= n2 + n + n +1− n2

= 2n +1   

which leaves a remainder of 1 when divided by 2.  
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Question 4:  

Greg starts off with a number of the form 8n  for some integer n.   

He then adds 3 and squares the number so ends up with: 

8n + 3( )2 = 8n + 3( ) 8n + 3( )
= 64n2 + 24n + 24n + 9
= 64n2 + 48n + 9
= 64n2 + 48n + 8 +1

= 2 32n2 + 24n + 4( ) +1  

which is always odd because it is of the form 2 1k +  for some integer n.  
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Exercise 1B 
Question 1:  

a. If Alice is a tiger then Alice has stripes. However, if Alice has stripes, she is not 

necessarily a tiger, so B⇒ A .  

b. If x = 1 then x = 1 is a square number. However, if x is a square number, it is not 

necessarily 1. So B⇒ A . 

c. The angles on a line add to 180 if and only if the line is straight. So A⇔ B .  

d. A triangle has three equal sides if and only if it has three equal angles, so A⇔ B . 
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Question 2:  

First direction:  

If n is odd then n = 2k + 1, for some integer k, so  
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hence n2 is odd as it is of the form 2l +1 , for some integer l.  

∴ if n is odd ⇒  n2  is odd   

Second direction (rather tricky):  

If n2  is odd, then it does not have a factor of 2.  

However, n  and n2  have the same prime numbers in their factorisation.  

So n cannot have a factor of 2  either, hence n is odd.  

∴ if n2  is odd ⇒  n is odd  

∴ if n is odd ⇔  n2  is odd  
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Question 3:  

Alex could prove the four statements are equivalent by showing B C D AA⇒ ⇒ ⇒ ⇒ . 
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Question 4:  

First direction:  

If n  is even then 2n k= . So 
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which is even as it is of the form 2l, for some integer l.  

∴  if n is even ⇒ 7n + 4 is even   

Second direction:  

If 7 4n +  is even then 7 4 2n m+ = , for some integer m.  

So 7n = 2m − 4 , which is the difference of two even numbers. Hence 7n is even.   

But since 7  is not even, n  must be even.   

∴  if 7n + 4 is even ⇒ n is even  

∴  if n is even ⇔ 7n + 4 is even  
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Question 5:  

First direction:  

If x + y = −2  , then 

x + y = −1−1⇒ x +1= −y −1   

⇒ x +1( )2 = −y −1( )2

⇒ x +1( )2 = y +1( )2
  

∴ x + y = −2⇒ x +1( )2 = y +1( )2  

Second direction:  

If x +1( )2 = y +1( )2  , then expanding both sides gives 

x2 + 2x +1= y2 + 2y +1   

⇒ x2 + 2x = y2 + 2y   

⇒ x2 − y2 = 2y − 2x   

⇒ x − y( ) x + y( ) = −2 x − y( )   

⇒ x + y = −2      (since x ≠ y )      {justification not needed} 

∴ x +1( )2 = y +1( )2 ⇒ x + y = −2  

∴ x + y = −2⇔ x +1( )2 = y +1( )2   
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Question 6:  

You can prove both directions separately, but really it is just each step in reverse, so the 

equivalent sign alone will do here.  

 

  

a
b
= c

d
⇔ a

b
× bd = c

d
× bd

          ⇔ ad × b
b
= bc × d

d
          ⇔ ad = bc

  

∴ ad bc= ⇔  a c
b d
= . 

 

 

 

Remark:  

Compare this to Question 5, for example. If we wrote:  

If x + y = −2  , then 

x + y = −1−1⇔ x +1= −y −1  

⇔ x +1( )2 = −y −1( )2

⇔ x +1( )2 = y +1( )2
  

then our second use of ⇔  is a problem, since it is not obvious that 

x +1( )2 = −y −1( )2 ⇒ x +1= −y −1  . Take for instance, 22 = −2( )2  .  
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Exercise 1C 
Question 1:  

If A  is true then A B⇒ 	so B  is true.  

Since B C⇒  and B  is true then C  is true.	

Since C D⇒  and C  is true thenD  is also true.  

So if A  is true then D  is true, that is A D⇒ . 
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Question 2:  

We can choose the two even integers to be 2n  and 2k . So their sum is  

  2n+ 2k = 2 n+ k( )  , which is a multiple of 2. 

∴ The sum of two even integers is even. 
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Question 3:  

 a. Set a x=  and b y=   in Worked Example 6 so  
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b. Set 2xa =  and 2 xb −=  in Worked Example 6  
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Question 3 (a typo means this is trickier than intended and perhaps better suited as a 

proof by exhaustion question; treat as a stretch and challenge):  

Expanding the expression gives  

  

x3 1− x( )− x3 1− x3( ) + 2 = x6 − x4 + 2

= x6 − x4 + 2
  

Consider x2 ≥1: 
 
Note that x6 − x4 = x4 x2 −1( )   

If x2 ≥1⇒ x4 ≥1  and so x4 x2 −1( ) ≥ 0  
 
∴ x4 x2 −1( ) + 2 > 0   
 
Consider x2 <1: 
 
If x2 <1⇒ x4 <1 . If x4 <1, then x4 < 2  or equivalently, 2 − x4 > 0 .  
 
⇒ x6 − x4 + 2 = x6 + 2 − x4( ) > 0 , since x6 > 0 .  
 
Therefore,   x

3 1− x( )− x3 1− x3( ) + 2 > 0

	

for all x.  
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Question 4	

a. George picks a number x . Adding two to his number and squaring it gives 2( 2)x+ . Taking 

away twice the original number and subtracting one from the overall result gives 
2( 2) 2 1x x+ − − . Expanding and simplifying gives  

 

2 2

2

2

( 2) 2 1 4 4 2 1
2 3

( 1) 2
0

x x x x x
x x
x

+ − − = + + − −
= + +
= + +
>  

b. If 1x =  then resultant number is 23 2 1 6 0− − = >  .  
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Exercise 1D 
Question 1:  

Cases are x = 1, 2, 3 and 4 

x = 1:    x5 = 1  . The last digit of 1 is 1, which is x, so true for x = 1 
x = 2 :    x5 = 25 = 32  . The last digit of 32 is 2, which is x, so true for x = 2 
x = 3 :    x5 = 35 = 243  . The last digit of 243 is 3, which is x, so true for x = 3 
x = 4 :    x5 = 45 = 1024  . The last digit of 1024 is 4, which is x, so true for x = 4 
Therefore if x is a positive integer less than 5, the last digit of x5  is x 
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Question 2:  

Multiples of 3 between 10-40 are: 12, 15, 18, 21, 24, 27, 30, 33, 36 and 39 

12:      reversing the digits gives 21, which is a multiple of 3 
15:      reversing the digits gives 51, which is a multiple of 3 
18:      reversing the digits gives 81, which is a multiple of 3 
21:      reversing the digits gives 12, which is a multiple of 3 
24:      reversing the digits gives 42, which is a multiple of 3 
27:      reversing the digits gives 72, which is a multiple of 3 
30:      reversing the digits gives 03 = 3, which is a multiple of 3 
33:      reversing the digits gives 33, which is a multiple of 3 
36:      reversing the digits gives 63, which is a multiple of 3 
39:      reversing the digits gives 93, which is a multiple of 3  

Therefore, reversing the digits of a multiple of 3 between 10 and 40 is also a multiple of 3.  
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Question 3:  

Cases to consider are:     9   18  27  36  45  54  63  72  81  90  99 108 

9:        the sum of the digits is 9, which is a multiple of 3 
18:      the sum of the digits is 9, which is a multiple of 3 
27:      the sum of the digits is 9, which is a multiple of 3 
36:      the sum of the digits is 9, which is a multiple of 3 
45:      the sum of the digits is 9, which is a multiple of 3 
54:      the sum of the digits is 9, which is a multiple of 3 
63:      the sum of the digits is 9, which is a multiple of 3 
72:      the sum of the digits is 9, which is a multiple of 3 
81:      the sum of the digits is 9, which is a multiple of 3 
90:      the sum of the digits is 9, which is a multiple of 3 
99:      the sum of the digits is 18, which is a multiple of 3 
108:    the sum of the digits is 9, which is a multiple of 3  

Therefore, the sum of the digits of the first 12 (positive) multiples of 9 is a multiple of 3.  
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Question 4:  

x = 3 :    x3 − 8x2 +10x + 6 = 33 − 8 3( )2 +10 3( ) + 6 = −9   

x = 4 :    x3 − 8x2 +10x + 6 = 43 − 8 4( )2 +10 4( ) + 6 = −18   

x = 5 :    x3 − 8x2 +10x + 6 = 53 − 8 5( )2 +10 5( ) + 6 = −19   

x = 6 :    x3 − 8x2 +10x + 6 = 63 − 8 6( )2 +10 6( ) + 6 = −6   
 
Therefore, for 3≤ x ≤ 6 , −20 < x3 − 8x2 +10x + 6 < 0 , where x is an integer.  
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Question 5:  

Cases to consider are 21, 22, 23, 24, 25, 26, 27, 28 and 29  

21: 21= 9 + 4 + 4 + 4 + 0   
22: 22 = 9 + 4 + 4 + 4 +1  
23: 23= 16 + 4 +1+1+1  
24: 24 = 16 + 4 + 4 + 0 + 0  
25: 25 = 16 + 4 + 4 +1+ 0  
26: 26 = 16 + 4 + 4 +1+1  
27: 27 = 9 + 9 + 9 + 0 + 0  
28: 28 = 16 + 4 + 4 + 4 + 0  
29: 29 = 16 + 4 + 4 + 4 +1   
 
Therefore, every integer between 20 and 30 can be written as the sum of 5 square numbers.  
 
{NB: there are other combinations that work too} 
{NB2: exam questions may define ‘between’ to be inclusive of the endpoints} 
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Question 6:  

If a is not a multiple of 3, the cases are a = 3n +1  and a = 3n + 2  where n is an integer.  

Case 1: a = 3n +1⇒ a2 −1= 3n +1( )2 −1  

= 9n2 + 6n +1−1= 3 3n2 + 2n( )   

Therefore, true in the case a = 3n +1 .  

Case 2: a = 3n + 2 ⇒ a2 −1= 3n + 2( )2 −1  

= 9n2 + 6n + 4 −1= 3 3n2 + 2n +1( )  

Therefore, true in the case a = 3n + 2 .  

Hence, by exhaustion, it is true that if a is not a multiple of 3, a2 – 1 is a multiple of 3.  
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Exercise 1E 
Question 1:  

This is false. 2 is a prime number, but it is even.  
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Question 2:  

a. 1 and 4 are two distinct square numbers, but 1 + 4 = 5, which is not a square number.  
b. 1 is a positive cube number. It is not even and it is not one less than a multiple of 3 either 
c.  1 + 3 = 4. The number 4 is even, so the sum of 1 and 3 gives an even number, but neither 
of the summands are even.  
d. 1 is a natural number that is not prime and only has one factor   
e. If a = 1 and b = 2, then a – b = – 1, which is not a natural number 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



24 AS PURE MATHEMATICS WORKED SOLUTIONS: PROOF  

	

© crashMATHS Limited 

Question 3:  

a = −1  is a suitable counter example.  

For example, 2 >1 , but saying −1( ) 2( ) > −1( ) 1( )  is false, since −1> −2 .  
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Question 4:  

Take x = 8, then we have 82 − 8 8( ) + 6 = 6 .  

6 is positive, so it is not true that for all positive integers x, x2 − 8x + 6 < 0 .  
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Question 6:  

1 is a positive integer that is not divisible by a prime number.  
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Mixed Exercise 
Question 1:  

Let n be an integer.  

Then 3n and 3n + 3 are consecutive multiples of 3.  

3n + (3n + 3) = 6n + 3 = 3(2n + 1), which is a multiple of 3.  

Therefore, the sum of two consecutive multiples of 3 is a multiple of 3 
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Question 2:  

a. If a divides b, then b is a multiple of a, so b = ka  for some integer k.  

b. We know that b = k1a  for some integer k1 and that c = k2b  for some integer k2.  

Substituting for b in the expression for c, we have c = k2k1a  .  

Therefore c = k3a  for some integer k3 {= k1k2}, i.e. a divides c OR therefore, c is a multiple 

of a and a therefore divides c.  
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Question 3:  

This statement is false.  

For example, take x = 1 and y = – 2.  

1> −2  , but 12 < −2( )2  .  
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Question 4:  

a. Cases are 6, 7, 8 and 9.  

6 + 6 = 12       and 12 is larger than both summands 
6 + 7 = 13       and 13 is larger than both summands 
6 + 8 = 14       and 14 is larger than both summands 
6 + 9 = 15       and 15 is larger than both summands 
{7 + 6 = 13     and 13 is larger than both summands} 
7 + 7 = 14       and 14 is larger than both summands 
7 + 8 = 15       and 15 is larger than both summands 
7 + 9 = 16       and 16 is larger than both summands 
{8 + 6 = 14     and 14 is larger than both summands} 
{8 + 7 = 15     and 15 is larger than both summands} 
8 + 8 = 16       and 16 is larger than both summands 
8 + 9 = 17       and 17 is larger than both summands 
{9 + 6 = 15     and 15 is larger than both summands} 
{9 + 7 = 16     and 16 is larger than both summands} 
{9 + 8 = 17     and 14 is larger than both summands} 
9 + 9 = 18       and 18 is larger than both summands 
 
Therefore, the sum of two positive integers between 5 and 10 is larger than the individual 
summands.  
 
{NB: exam questions may define between to be inclusive of the endpoints} 
 
b. For example, (–2) + (–1) = –3 and –3 is less than both of the summands.  
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Question 5:  

Completing the squares gives 

x2 + 3x + 4 = x + 3
2

⎛
⎝⎜

⎞
⎠⎟
2

− 9
4
+ 4

= x + 3
2

⎛
⎝⎜

⎞
⎠⎟
2

+ 7
4

  

Since x + 3
2

⎛
⎝⎜

⎞
⎠⎟
2

≥ 0  for all x, x + 3
2

⎛
⎝⎜

⎞
⎠⎟
2

+ 7
4
> 0  for all x.  

∴ x2 + 3x + 4 > 0  for all x.  
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Question 6:  

This is not true.  

A suitable counter-example is −1( )2 = 12  , but −1≠ 1 .  
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Question 7:  

a. The cases are p = 2, p = 3 and p = 5.  

p = 2:      2p + 1 = 2(2) + 1 = 5    which is prime 
p = 3:      2p + 1 = 2(3) + 1 = 7    which is prime 
p = 5:      2p + 1 = 2(5) + 1 = 11  which is prime 
 
Therefore, if p is a prime less than 7, then 2p + 1 is also prime.  
 
b. When p = 7, 2p + 1 = 15, which is not prime.  
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Question 8:  

Let n be a natural number greater than 1. Then consider two cases 

Case 1: n is a prime number. This is trivial: if n is a prime number, then it will certainly have 
a prime factor (itself!) 

Case 2: n is not a prime number. If n is not a prime number, then n can be expressed as 
n = p × q  where p and q are positive integers. If p or q is prime, then we are done. Otherwise, 
we continue in this way (with the factors getting smaller and smaller), until we reach a prime 
factor of n. And thus, since n has a prime factor, it is divisible by some prime.  

Therefore, every natural number greater than 1 is divisible by some prime.  
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Question 9:  

A suitable counter-example is n = 2, which gets 22 + 3(2) + 2 = 12. This is not prime, so it is 
not true that n2 + 3n + 2 is a prime number for all even values of n.   
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Question 10:  

To prove this statement, consider cases of n: 

Case 1: n is even. If n is even, it is of the form 2m for some integer m: 

3 2m( )2 + 2m +14 = 2 6m2 +m + 7( )  , which is even.  

Case 2: n is odd. If n is odd, it is of the form 2l + 1 for some integer l:  

3 2l +1( )2 + 2l +1( ) +14 = 12l2 +14l +18
= 2 6l2 + 7l + 9( ) , which is even.  

Therefore, if n is an integer, 3n2 + n +14  is even.  
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Question 11:  

This is untrue. Josh cannot place the number 0 in the denominator, because division by 0 is 
not well-defined in maths.  
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Question 12:  

a. This is false. For example, take n2 = 4, which is divisible by 4. Then, n = 2 is not divisible 
by 4.  
b. This is true. If n is divisible by 4, then n = 4k for some integer k.  
Therefore, n2 = (4k)2 = 16k2 = 4(4k2), which is divisible by 4.  
c. This is incorrect because both implications do not hold – it is not true that if n2 is divisible 
by 4, then n is also divisible by 4. The correct symbol that should be used instead is ⇒ .  
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Question 13:  

To see if this is an if and only if statement, we should see if both directions hold.  
 
Direction 1: if x = 1:  
In this case, it follows that x2 = 1.  
 
Direction 2: if x2 = 1:  
In this case, it does not follow that x = 1 (since x could also be –1).  
 
Therefore, since both implications do not hold, it is not an if and only if statement.  
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Question 14:  

a. Note that a − b( )2 ≥ 0⇒ a2 − 2ab + b2 ≥ 0  

⇒ a2 + b2 ≥ 2ab .  
b. We know that p2 + q2 ≥ 2pq  

i. Let  p = a ε  and 
 
q = b

ε
. Then for  ε > 0 ,  

 
a ε( )2 + b

ε
⎛
⎝⎜

⎞
⎠⎟
2

≥ 2 a ε( ) b
ε

⎛
⎝⎜

⎞
⎠⎟

  

 

⇒ εa2 + b
2

ε
≥ 2ab

⇒ 1
2
εa2 + b

2

ε
⎛
⎝⎜

⎞
⎠⎟
≥ ab

⇒ ab ≤ 1
2
εa2 + b

2

ε
⎛
⎝⎜

⎞
⎠⎟

  

ii. Let p = x2  and  q = ε . Then for  ε > 0 ,  

 
x2( )2 + ε( )2 ≥ 2x2 ε( )   

 

⇒ x4 + ε ≥ 2x2 ε

⇒ 1
2 ε

≥ x2

x4 + ε

⇒ x2

x4 + ε
≤ 1
2 ε
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Question 15:  

If n  is not divisible by5 , then we can examine the different cases that can arise: 
 
n = 5k +1:  n2 = 5k +1( )2 = 25k2 +10k +1= 5 5k2 + 2k( ) +1 												so a remainder of 1. 

n = 5k + 2 :  n2 = 5k + 2( )2 = 25k2 + 20k + 4 = 5 5k2 + 4k( ) + 4 									so a remainder of 4. 

n = 5k + 3 :  n2 = 5k + 3( )2 = 25k2 + 30k + 9 = 5 5k2 + 6k +1( ) + 4 				so a remainder of 4. 

n = 5k + 4 :  n2 = 5k + 4( )2 = 25k2 + 40k +16 = 5 5k2 + 8k + 3( ) +1 		so a remainder of . 

 
Therefore, if n is not divisible by 5, when n2 is divided by 5, there is a remainder of 1 or a 
remainder of 4.  
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