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Exercise 3A 

Question 1:  

a. Label the equations:   6x + 10y = 7     (1)        6x + 2y = 3    (2) 

(1) – (2) :     10y – 2y = 7 – 3 ⇒  8y = 4, so y = 
1
2

  

Substitute y = 
1
2

 into (1):  6x + 10 1
2

⎛
⎝⎜

⎞
⎠⎟  = 7 ⇒  x = 1

3
.  

Therefore, x = −13
6

 and y = 2.  

 

Parts (b)-(f) can be done similarly and the answers are shown below.  

b. x = 7
12

,  y = 2
3

  

c. x = 1,  y = 4   

d. x = 4,  y = 0  

e. x = 1
7

,  y = 4  

f. x = −1,  y = 5  

g. Subtracting the equations (to eliminate the x2), we have: 

2y − y = 0⇒ y = 0 		

Substituting y = 0, we have x2 = 4⇒ x = ±2 .  

h. Subtracting the equations (to eliminate the y term), we have: 

2x2 + x − 2x = 5 − −1⇒ 2x2 − x − 6 = 0   

⇒ 2x + 3( ) x − 2( ) = 0

⇒ x = 2 or x = − 3
2

  

When x = 2 , y = 2 2( ) +1= 5   
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When x = − 3
2

, y = 2 − 3
2

⎛
⎝⎜

⎞
⎠⎟ +1= −2  
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Question 2:  

3x2 + x + 2y = 5    1( )       2x + y = 10    2( )  

 Multiplying (2) by 2 gives 4x + 2y = 20    (3) 

(1) – (3) :  

3x2 + x − 4x = 5 − 20
⇒ 3x2 − 3x +15 = 0
⇒ x2 − x + 5 = 0

  

Now,  

Δ = b2 − 4ac

= −1( )2 − 4 1( ) 5( )
= −19 < 0

  

so the equation has no real x solutions. It therefore also has no real y solutions.  

So the simultaneous equations have no real solutions.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



AS PURE MATHEMATCICS WORKED SOLUTIONS: EQS AND INEQUALITIES     	4 

	

Exercise 3B 

Question 1:  

a.   y = 3x – 6  (1)       4x + 2y = 28 (2) 

Substitute (1) in (2) to get:   

4x + 2 3x − 6( ) = 28
⇒10x = 40
⇒ x = 4

  

Sub x = 4 in (1),    y = 3(4) – 6 = 12 – 6 = 6 

So the solutions are       x = 4, y = 6 

Parts (b) to (f) are similar and the answers are shown below 

b. x = –1, y = 7 

c. x = 5, y = 1  

d. x = 9, y = 2 

e. x = 1
3
, y = 4   

f. x = 1
2
, y = − 1

2
 

 

g.  x + y = 2  (1)    3x + 5y = 15  (2) 

Re-arrange (1) to make y the subject:   y = 2 – x     (3) 

Substitute (3) into (2) to give: 

3x + 5 2 − x( ) = 15
⇒−2x = 5

⇒ x = − 5
2

  

Sub this x into (3) to give: y = 2 − − 5
2
= 9
2

  

h. Similarly, x = − 6
5
, y = 38

5
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Exercise 3C 

Question 1:  

a.   x2 + y2 = 29  (1)     y – x = 3  (2) 

Rearrange (2) to make y the subject: y = 3 + x (3) 

Sub (3) into (1) to get: 

x2 + 3+ x( )2 = 29

⇒ x2 + 9 + 6x + x2 = 29
⇒ 2x2 + 6x − 20 = 0
⇒ x2 + 3x −10 = 0
⇒ x + 5( ) x − 2( ) = 0
⇒ x = −5 or x = 2

  

When x = 2:  y = 3 + 2  = 5 

When x = –5:   y = 3 + (–5) = –2  

So the solutions are:  

x = 2, y = 5  

x = –5, y = –2 

 

Answers to parts (b)–(h), expect (g) which has a full solution, are shown below 

b. x = − 7
5

, y = − 24
5

      or        x = 3, y = 4   

c. x = −10, y = 5      or        x = 11, y = −2  

d. x = −12
5

, y = − 41
5

      or        x = 3, y = 8  

e. x = 13
2

, y = 1
2

      or        x = 1, y = 6  

f. x = −2, y = 7      or        x = 13
2

, y = − 3
2

 

g. Substitute the second equation into the first, we have 

3x2 + 21x − 10x −1( )2 = 5
⇒ 3x2 + 21x − 100x2 − 20x +1( ) = 5
⇒−97x2 + 41x − 6 = 0

  

This equation has no solutions, so the simultaneous equations have no solutions.  
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h. x = −11, y = −91      or        x = 9, y = −71  

Exercise 3D 
Question 1:  

a.  
3+ 5x < 2x
⇒ 3x < −3
⇒ x < −1

.  

Therefore, the set of values of x that satisfy the inequality is  {x ∈! : x < −1} .  

b. 

−x − 5 ≥ −3x − 6
⇒−x + 3x ≥ −6 + 5
⇒ 2x ≥ −1

⇒ x ≥ − 1
2

  

Therefore, the set of values of x that satisfy the inequality is 
 
x ∈! : x ≥ − 1

2
⎧
⎨
⎩

⎫
⎬
⎭

.  

c. 

−4 + 2 6 − 3x( ) >10
⇒−4 +12 − 6x >10
⇒−6x > 2

⇒ x < − 1
3

  

Therefore, the set of values of x that satisfy the inequality is 
 
x ∈! : x < − 1

3
⎧
⎨
⎩

⎫
⎬
⎭

.  

d. 

k 2 − k( ) > 5 − k2
⇒ 2k − k2 > 5 − k2

⇒ 2k > 5

⇒ k > 5
2

  

Therefore, the set of values of k that satisfy the inequality is 
 
k ∈! : k > 5

2
⎧
⎨
⎩

⎫
⎬
⎭

.  

e. 

p − 3 p + 6( ) ≤ 2 − p
⇒ p − 3p −18 ≤ 2 − p
⇒− p ≤ 20
⇒ p ≥ −20

  

Therefore, the set of values of p that satisfy the inequality is  p∈! : p ≥ −20{ } .  
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f. 
m + 4 < −m − 4
⇒ 2m < −8
⇒ m < −4

  

Therefore, the set of values of m that satisfy the inequality is  m ∈! :m < −4{ } .  

g. 

2 l − 4( ) ≤ 8 l − 4( )
⇒ 2l − 8 ≤ 8l − 32
⇒ 6l ≥ 24
⇒ l ≥ 4

  

Therefore, the set of values of l that satisfy the inequality is  l ∈! : l ≥ 4{ } .  

h. 
t − 6 ≥ 2t − 4
⇒ t ≤ −2

  

Therefore, the set of values of t that satisfy the inequality is  t ∈! : t ≤ −2{ } . 
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Question 2:  

a.  

4x − 6 > x − 3
2

⇒ 8x −12 > x − 3
⇒ 7x > 9

⇒ x > 9
7

  

So the line y = 4x – 6 is above 2y = x – 3 for 
 
x ∈! : x > 9

7
⎧
⎨
⎩

⎫
⎬
⎭

  

It thus follows clearly that,  

b. the line y = 4x – 6 is below 2y = x – 3 for 
 
x ∈! : x < 9

7
⎧
⎨
⎩

⎫
⎬
⎭

  

c. the line y = 4x – 6 equals 2y = x – 3 for 
 
x ∈! : x = 9

7
⎧
⎨
⎩

⎫
⎬
⎭
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Exercise 3E 
Question 1:  

a.  For the critical values, consider x2 − 6x + 8 = 0 . 

⇒ x − 4( ) x − 2( ) = 0
⇒ x = 4, x = 2

 

 

From the graph, it follows that the set of values of x 
that satisfy the inequality is  x ∈! : 2 < x < 4{ }   

{can also be written as 

 x ∈! : x > 2{ }∩ x ∈! : x < 4{ }}.  

 

Parts (b)-(f) can be done similarly, and the answers are shown below 

b.  x ∈! :−2 ≤ x ≤ 2{ }   OR  x ∈! : x > −2{ }∩ x ∈! : x < 2{ }  

c.  x ∈! :−4 < x < 5{ }   OR  x ∈! : x > −4{ }∩ x ∈! : x < 5{ }  

d. 
 
x ∈! : x < − 5

2
⎧
⎨
⎩

⎫
⎬
⎭
∪ x ∈! : x > 2

3
⎧
⎨
⎩

⎫
⎬
⎭

 

e. 
 
x ∈! : x ≤1{ }∪ x ∈! : x ≥ 9

2
⎧
⎨
⎩

⎫
⎬
⎭

 

f.  x ∈!{ }  

g. For the critical values, consider x4 − 25x2 +144 = 0   

⇒ x2 −16( ) x2 − 9( ) = 0

⇒ x = ±4,  x = ±3
  

Consider the graph of y = x4 − 25x2 +144 and the 
regions where the curve is below the x axis.  
 
∴ the set of values that satisfy the inequality is 

 x ∈! :−4 < x < −3{ }∪ x ∈! : 3 < x < 4{ }   

h. This is similar to g. The equation that gives the critical values is 

x4 +12x3 − 64x2 = 0

⇒ x2 x2 +12x − 64( ) = 0
⇒ x2 x − 4( ) x +16( ) = 0

  

So the CVs are 0, 4 and – 16. Sketching the graph will show you that the set is 

 x ∈! :−16 < x < 0{ }∪ x ∈! : 0 < x < 4{ }  

2 4 
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Question 2:  

For the critical values, consider 2x x − 5( ) = 10   

Then,  

2x2 −10x −10 = 0
⇒ x2 − 5x − 5 = 0

⇒ x =
5 ± 25 − 4 1( ) −5( )

2
= 5 ± 3 5

2

  

Therefore, the inequality holds for 5 − 3 5
2

≤ x ≤ 5 + 3 5
2

.  

So the integers that satisfy the inequality are 0, 1, 2, 3, 4 and 5.  

 

{NB: we haven’t drawn a graph, but if you find that drawing a graph helps you to visualise the 
inequality, do so!} 
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Question 3:  

We need to multiply the inequality by a positive number to ensure the direction of the inequality does 
not change, so we multiply by x2.  

2 − x
x

< 3

⇒ 2 − x
x

⎛
⎝⎜

⎞
⎠⎟ x

2 < 3x2

⇒ 2x − x2 < 3x2

⇒ 2x2 − x > 0
⇒ x 2x −1( ) > 0

  

The critical values of this inequality are 0 and 1
2

.  

The set of values of x that satisfy the inequality are thus 
 
x ∈! : x < 0{ }∪ x ∈! : x > 1

2
⎧
⎨
⎩

⎫
⎬
⎭

 .  
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Question 4:  

Let h be the height of the rectangle in centimetres. Then the width of the rectangle is w cm, where  

w = 2h.  

a. We know that  

h + h + 2h + 2h ≥ 20   

⇒ h ≥ 10
3

  

We also know that  

h 2h( ) ≤ 32
⇒ h2 −16 ≤ 0
⇒−4 ≤ h ≤ 4

  

But since h > 0, 0 < h ≤ 4 .  

Now we need to combine our two inequalities to get: 10
3
≤ h ≤ 4   

b. h = w
2
⇒ 10

3
≤ w
2
≤ 4   

⇒ 20
3

≤ w ≤ 8   
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Question 5:  

2x − y + 2 = 0⇒ y = 2x + 2   

We are interested in the values of x such that  

−x2 + 5x + 6 > 2x + 2
⇒ x2 − 3x − 4 < 0
⇒ x − 4( ) x +1( ) < 0

  

The critical values for this inequality are –1 and 4.  

And the solution set is thus:  S = x ∈! :−1< x < 4{ } .  
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Exercise 3F 
Question 1: 

a.  

 

b.  

 

c.  
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d.  

	

e.  

	

   f.  
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g. (NB: the line of the curve should be dashed) 

 

h.  
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Question 2:  
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Question 3:  
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Mixed Exercise 
Question 1: 

x2 + y2 = 9      (1)
x + 2y = 1        (2)   

Rearrange (2) to: x = 1 – 2y   (3) 

Sub (3) in (1):  

1− 2y( )2 + y2 = 9
⇒1+ 4y2 − 4y + y2 = 9
⇒ 5y2 − 4y − 8 = 0

⇒ y =
− − 4 ± 16 − 4 5( ) −8( )

2 5( )

⇒ y = 2
5
± 2
5
11

  

When y = 
2
5
+ 2
5
11  ,  x =

1
5
− 4
5
11   

When y = 
2
5
− 2
5
11  ,  x =

1
5
+ 4
5
11  
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Question 2: 

y2 = x2 − 4         (1)
x − 4y = 16        (2)  

Rearrange (2) to: x  = 4y + 16   (3) 

Sub (3) in (1): 

y2 = 4y +16( )2 − 4

⇒ y2 = 16y2 +128y + 256 − 4
⇒15y2 +128y + 252 = 0
⇒ y = −5.451... or − 3.0815...

  

⇒ x = −5.4804  when y = −5.451... 

and  

x = 3.674...  when y = −3.0815...    

Therefore, to one decimal place, 

P −5.5,−5.5( )   , Q 3.7,−3.1( )   
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Question 3: 

(a)  

x > 1
2   

(b)  

 

 

(c) 

Draw the line y = 4 – x on the same axes, note the points of intersection and the set of values for 
which y = 4 – x is below y = x + 3 
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Question 4: 

For the critical values,  

x2 +100x − 204 = 0
⇒ x − 2( ) x +102( ) = 0
⇒ x = 2,  x = −102

  

A quick sketch would show that  

 x ∈! :−102 ≤ x ≤ 2{ }  is the solution set  
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Question 5: 

(a)  

2x − 6 > x − 5⇒ x >1   
(b) For the critical values, consider 

3x2 − 2x − 8 = 0
⇒ x − 2( ) 3x + 4( ) = 0

⇒ x = 2,  x = − 4
3

  

Hence, a sketch can show 

 
⇒ x ∈! :− 4

3
≤ x ≤ 2⎧

⎨
⎩

⎫
⎬
⎭

  

(c) {We need to satisfy both inequalities, therefore it is sensible to ask, “which values of x lie in both 
sets?”. It is clear that the first set demands values of x to be greater than 1 and the second demands 
them to be less than or equal to 2, so we end up with:} 

 x ∈! :1< x ≤ 2{ }   
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Question 6: 

(a)  

 

(b) 

From the sketch,  x ∈! : x ≥10{ }∪ x ∈! : x ≤ −10{ }   
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Question 7: 

4 x = 8
17−y
3 ⇒ 22x = 217−y ⇒ y = 17 − 2x   

Therefore,  

 
x2 − 3y2 = 22     (1)
y = 17 − 2x        (2)  

Sub (2) into (1) to get: 

x2 − 3 17 − 2x( )2 = 22

⇒ x2 − 3 289 − 68x + 4x2( ) = 22

⇒−11x2 + 204x − 889 = 0
⇒11x2 − 204x + 889 = 0
⇒ 11x −127( ) x − 7( ) = 0

⇒ x = 127
11

 or x = 7

  

When x = 7: y = 17 – 14 = 3 

When x =
127
11  , y = 17 − 2

127
11

⎛
⎝⎜

⎞
⎠⎟  = −

67
11   
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Question 8: 

a + b( )2 = a − b( )2 + 4ab
⇒ a + b( )2 ≤ a − b( )2 + 4max ab{ } = 42 + 4 580( )
⇒ a + b( )2 ≤ 2336
⇒ a + b ≤ 2336 = 4 146
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Question 9: 

4
x
< 5

⇒ 4x < 5x2

⇒ 5x2 − 4x > 0
⇒ x 5x − 4( ) > 0

  

So the critical values are 0 and 4/5.  

Therefore,  

 
x ∈! : x < 0{ }∪ x ∈! : x > 4

5
⎧
⎨
⎩

⎫
⎬
⎭   
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Question 10: 

y2 = 4 − x2       (1)
y = 2x + 4       (2)   

4 − x2 > 2x + 4( )2

⇒ 4 − x2 > 4x2 +16x +16
⇒ 5x2 +16x +12 < 0
⇒ 5x + 6( ) x + 2( ) < 0

  

Critical values are −
6
5   and – 2.  

So, x
2 + y2 = 4  is above the line y − 2x − 4 = 0   for −2 < x < − 6

5   
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Question 11: 

9n
2+6 ≤ 92 n−3( )

⇒ n2 + 6 ≤ 2n − 6
⇒ n2 − 2n +12 ≤ 0

  

Consider n
2 − 2n +12 = 0  , which has no solutions.  

Therefore, there are no values of n that satisify this inequality.  

⇒  the set of values that satisify the inequality is the empty set.  

 

 

{This was not the intended answer, but a typo means that it is the answer.} 
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Question 12: 

(a)  

Volume of a cylinder is given by,  V = πr2h   

 
⇒ πr2 r + 3( ) ≥ π 216 + 3r2( )   

⇒ r3 + 3r2 ≥ 216 + 3r2

⇒ r3 ≥ 216

⇒ r ≥ 2163 = 6
  

(b/i) 

 

2πrh ≤176π
⇒ r2 + 3r − 88 ≤ 0   

(b/ii) 

For the CVs, consider r2 + 3r − 88 = 0⇒ r +11( ) r − 8( ) = 0 . So the CVs are 8 and –11.  

Therefore the inequality has solutions −11≤ r ≤ 8       {full marks} 

     {Accept: 0 ≤ r ≤ 8  or 0 < r ≤ 8 } 

     {ignore attempts to combine their (b/ii) with (a) as this is part (c)} 

(c/i) 

 r ∈! : 6 ≤ r ≤ 8{ }   

(c/ii) 

 h = r + 3⇒ h∈! : 9 ≤ h ≤11{ }   

 

 

 


