AS PURE MATHEMATCICS WORKED SOLUTIONS: THE FACTOR THEOREM

Exercise 5A

Question 1:
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The rest can be done similarly.
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Question 2:
¥ +5x-1
x—l)x3 +4x* —6x+2
X —x’
5x% —6x
5x* —5x
-x+2
—x+1

1

3 2
L X +4x &p+2=x2+5x—1+—l—
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Question 3:

3x2 —6x+11
x+2)3>x3 +0x*—x—1

3x° + 6x°

—6x —x
—6x° —12x
11x-1
11x+22
-23

23
x+2

(¥ —x=1)+(x+2) =3x8 —6x+11-




Question 4:
x” +8x+20
a. x—3>x3 +5x7 —4x+1
x =3x
8x* —4x
8x> —24x
20x +1
22x—-60
61

So the remainder is 61 .

b. The remainder is —2 .
¢. The remainder is ——

d. The remainderis 18.



AS PURE MATHEMATCICS WORKED SOLUTIONS: THE FACTOR THEOREM

Exercise 5B

Question 1:
a. Let f(x)=3x"+2x"—5x+1.Then

f(=2)=3(=2) +2(=2)" =5(=2)+1

=-5
So by the remainder theorem, the remainder is —5 .

b. Let f(x)=-2x"—2x"+5x+1.Then

fB3)==2(3)" =2(3)’ +5(3)+1
=-200

So by the remainder theorem, the remainder is —200

c. Let f(x)=8x"+4x* +6x’ —4x+4 Then

R JROEOROS

So by the remainder theorem, the remainder is — .

The rest can be done similarly.

d. The remainderis 6297
536

e. The remainder is —

f. The remainder is —
g. The remainderis 0

h. The remainderis —.



Exercise 5C

Question 1:

a. Let f(x)=2x"+3x"-11x—6.

3 2
Then f(2)=2(2) +3(2) —11(2)—6
=0
So by the factor theorem, X —2 is a factor of 2" +3x° —11x— 6.

b.

2x*+7x+3
x—2>2x3+3x2—11x—6
2x° —4x°
Tx* —11x
7x* —14x
3x—-6
3x=6
0
220 4307 = 11x -6 =(x—2)(2x" +7x+3)
=(x—2)(2x+1)(x+3)




Question 2:

a. Let f(x)=2x"—9x"—6x+5.Then

£5)=2(5)=9(5)" =6(5)+5
=0
So x=5 isasolutionto f(x)=0.

2x* +x—1
x—5>2x3 —9x% —6x+5
2x° —10x>

x> —6x
x’ = 5x
—-x+5
—x+5
0
So we can factorise

2x* —9x? —6x+5=(x—5)(2x2+x—1)

=(x—-5)(2x—1)(x+1)

.'.x=—1,l,5
2



Question 3:

a. If x=2 then y=2(2)3+6(2)2—8(2)—24=0 so x—2 is a factor. Then

2x° +10x+12
x=2)2x° +6x” ~8x-24
2x’ —4x°
10x* —8x
10x> —20x
12x—-24
12x—24
0

So
y=(x-2)(2x* +10x-12)
=2(x-2)(x+2)(x+3)




Question 4:

Let f(x)=ax’ —4x>—5x+2.Since x+1 is a factor of f(x) we have f'(—1)=0. Then
a(-1)’ —4(-1) =5(-1)+2=0=a=3.
3x* =Tx+2
x+1)3x° —4x> = 5x+2
3x’ +3x°
—-7x* =5x
7%’ =7x
2x+2
2x+2
0

~3x° —4x7 —5x+2=(x+1)(3x2 —7x+2)
=(x+1)(3x—-1)(x-2)



Exercise 5C

Question 1:
2x* +x+9
x—3)2x3 —5x*+6x—1
2x° +6x°

x> +6x

X’ =3x
9x—1
Ix=27
26
P il WP LB
x=3 x=3




Question 2:
a. Let f(x)=4x"—8x"—7x+5
i, f(3)= 4(—3)3 —8(—3)2 —7(-3)+5=-154 is the remainder

2 . .
q D= 4(—1)3 —8(—1)" —7(~1)+5=0is the remainder.
b. Since x+1 is a factor and
4x* —12x+5
x+1>4x3 —8x* —7x+5
4x° +4x°
—12x% - 7x
—-12x* —12x
5x+5
3X+5
0
then we can factorise

4x° —8x* —7x+5=(x+1)(4x2 —l2x+5)
=(x+1)(2x—1)(2x—5)
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Question 3:

a. Let f(x)=x"—5x"+2x+8 then since f(-1)=—1-5-2+8=0 we know that x+1 is a

factor. Then
x’—6x+8
x+l>x3 —5x +2x+8

X’
—6x7 +2x
—6x” —6x
8x+8
8x+8
0

X0 =557 +2x+8=(x+1)(x2 —6x+8)

=(x+1)(x=2)(x—4)
b. Let y=+/x so the equation is y* +2y—5y> +8=0 whose solutions are y =—1,2,4 from

above.

Then x =4,16 since the square root is non-negative.



Question 4:
a.
x> —6x+10
x+l>x3 —5x" +4x+10
x4’
—6x7 +4x
—6x° — 6x
10x+10
10x+10
0

So x’ —=5x* +4x+10= (x + 1) (x2 —6x+1 0) , but the discriminant of the quadratic factor is

A=6 —4(1)(10) =—4 <0 so it has no real roots. Hence x =—1 is the only real root.
b.




Question 5:

a. x—2 isafactorof f(x)
b. From the remainder theorem, we have f(—1)=18 and f(2)=0, thatis

—1+a+10+b=18=a+b=9
8+4a-20+b=0=4a+b=12

Subtracting the first equation from the second gives 3a =3 = a =1 andso b=8.

¢. You can show that

(x + 4)(x - 2)(x - 1)



Question 6:

Let f(x)=x"—x"+ax+16.Since both x+b and x—b are factors then we have f(b)=0 and
f(=b)=0.Thatis

b —b*+ab+16=0
—b*—b*—ab+16=0

Adding the two equations gives —2b* +32=0= b’ =16.

».b =4 since b is positive.



